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 Earthquakes occur as slip across a plane in the earth.Earthquakes occur as slip across a plane in the earth.
 Any local deformation in an elastic solid stressesAny local deformation in an elastic solid stresses

nearby material, which deforms in turn, stressingnearby material, which deforms in turn, stressing
nearby material, and so on nearby material, and so on ……

 The local stresses and strains are linked by theThe local stresses and strains are linked by the
constitutive properties of the material.constitutive properties of the material.

 Consideration of basic relationships between the forcesConsideration of basic relationships between the forces
and deformations in the material (i.e., Newtonand deformations in the material (i.e., Newton’’s Law)s Law)
leads to equations describing the propagation ofleads to equations describing the propagation of
seismic waves away from the energy source.seismic waves away from the energy source.

 These propagating waves cause most of the damage inThese propagating waves cause most of the damage in
earthquakes.earthquakes.
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The seismic wavefield is generated at the source and modified by propagation through
the earth medium where is reflected, transmitted, focused, scattered, and attenuated. Our
knowledge of earthquake processes and earth structure comes from both forward
modeling and inversion of earthquake travel-time and ground-shaking data.



 Shaking at a given site, say one of engineeringShaking at a given site, say one of engineering
interest, is controlled by:interest, is controlled by:
 The amount, pattern, direction, and timing of slip on theThe amount, pattern, direction, and timing of slip on the

faultfault
 The distance of the site from the faultThe distance of the site from the fault
 The types of geologic structures and materials along theThe types of geologic structures and materials along the

wave path (e.g., waves can be focused by geologicwave path (e.g., waves can be focused by geologic
contrasts, absorbed as they pass through materials withcontrasts, absorbed as they pass through materials with
inefficient transmission properties, etc.)inefficient transmission properties, etc.)

 The structure and physical properties of geologic materialsThe structure and physical properties of geologic materials
at the site (e.g., shaking can be amplified or diminished inat the site (e.g., shaking can be amplified or diminished in
an alluvial basin in complex ways depending on itsan alluvial basin in complex ways depending on its
amplitude and frequency)amplitude and frequency)



Development of the seismic wave
equation begins with consideration of
the forces acting on an infinitesimal
plane within a homogeneous elastic
medium in static equilibrium.

Forces (stress) and deformation (strain)
at a point in a general elastic solid are
related by a (81-component) fourth-
order constitutive tensor. If the physical
properties of the medium are direction-
independent (isotropic), a good first-
order approximation for the earth, the
number of independent elastic
parameters reduces to two. The P-wave
and S-wave seismic velocities at each
point in the medium can be determined
from these two elastic parameters and
the density.
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Now consider an infinitesimal cube
embedded within a homogeneous,
isotropic elastic medium. If the stress
field is homogeneous there is no net
force on the cube, but spatial gradients in
the stress field generate net forces. The
cube is now in motion, and we use
Newton’s Law to derive the equation of
motion.

We can use relationships between stress
and strain to express stress gradients in
terms of displacements. These equations
can be used directly in finite-difference
equations. Otherwise, we can use vector
calculus to derive simpler wave
equations for the P-wave and S-wave
fields.
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Real seismic wavefronts in the earth are curved, but a plane wave can
be a useful concept. (For example, a spherical wave can be expressed
as a sum of plane waves.) This is the general form of a plane wave in
the frequency domain. Displacement varies in time and space (x-
dimension only in this case), expressed as an amplitude term times a
harmonic function of frequency and slowness, s, or wavenumber, k. A
spherical wave has a similar functional form with an additional
distance decay factor of 1/r.
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Solutions of the seismic wave equation forSolutions of the seismic wave equation for
compressionalcompressional- (P-) and shear (S-) waves in a- (P-) and shear (S-) waves in a
uniform whole space are readily found, but this caseuniform whole space are readily found, but this case
is not very interesting to a seismologist who is tryingis not very interesting to a seismologist who is trying
to model seismic waves in a realistic earth.to model seismic waves in a realistic earth.

Solving The Seismic Wave Equation



Interesting (non-trivial) earth models that we mightInteresting (non-trivial) earth models that we might
wish to use contain gradients in the physicalwish to use contain gradients in the physical
parameters that control wave propagation, but theseparameters that control wave propagation, but these
factors severely complicate solutions of the wavefactors severely complicate solutions of the wave
equation. Several approaches have been devised thatequation. Several approaches have been devised that
allow us to ignore the gradient terms and find anallow us to ignore the gradient terms and find an
approximate solution, yet still include some realisticapproximate solution, yet still include some realistic
structure in the model.structure in the model.
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Homogeneous Layer MethodsHomogeneous Layer Methods

 To first order, seismic velocity is a function only ofTo first order, seismic velocity is a function only of
depth in the earth; the earth can be modeled as adepth in the earth; the earth can be modeled as a
series of homogeneous layers in which the gradientseries of homogeneous layers in which the gradient
terms vanish.terms vanish.

 Wave propagation inside each layer is simple; it onlyWave propagation inside each layer is simple; it only
remains to keep track of interactions of the wave fieldremains to keep track of interactions of the wave field
(reflection and transmission) at the layer boundaries(reflection and transmission) at the layer boundaries
(this is a simpler problem).(this is a simpler problem).

 A continuous 1-dimensional velocity gradient can beA continuous 1-dimensional velocity gradient can be
modeled by simply increasing the number of layers.modeled by simply increasing the number of layers.



Ray MethodsRay Methods

 The importance of the gradient terms varies asThe importance of the gradient terms varies as
1/frequency, so they become1/frequency, so they become vanishingly  vanishingly small forsmall for
high-frequency waves. Thus, rays traced through ahigh-frequency waves. Thus, rays traced through a
model with continuous physical properties accuratelymodel with continuous physical properties accurately
describe the high-frequency wave field.describe the high-frequency wave field.



Ray TheoryRay Theory
A high-frequency approximationA high-frequency approximation
Simple to program, computationallySimple to program, computationally
efficient, and easy to generalize to 3-efficient, and easy to generalize to 3-
dimensional earth modelsdimensional earth models
Good for: modeling seismic phaseGood for: modeling seismic phase
arrival times, earthquake locationarrival times, earthquake location
algorithms, body-wave focalalgorithms, body-wave focal
mechanism determinations, inversionsmechanism determinations, inversions
for velocity structurefor velocity structure
Not very good for: amplitudesNot very good for: amplitudes
because it is a high-frequencybecause it is a high-frequency
approximationapproximation

“Introduction To Seismology” by P. Shearer, Cambridge University Press



A seismic version of Snell’s Law from
optics can be used to track ray
geometry through inhomogeneous
materials. Rays can be traced through
regions with continuous velocity
gradients.
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Ray tracing results are often summarized as travel-time curves: travel-
time as a function of distance from the ray source. Each point on the
curve represents a different ray path through the model. This example
shows a case with a steep velocity increase. Locally a flat earth model
can be used; for global studies we use a spherical earth model.
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Rays are a particularly useful tool for
studying global body-waves. This
model of the earth shows the mantle,
liquid outer core, and solid inner core.

Naming codes for whole-earth phases:
P: P-wave in mantle
K: P-wave in outer core
I: P-wave in inner core
S: S-wave in mantle
J: S-wave in inner core
c: reflection off core-mantle boundary
i: reflection off inner-core boundary
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Seismograms are records of
earthquake ground shaking vs time.
Modern seismographs record three
orthogonal components of ground
shaking: one vertical component and
two horizontal components. Ground
shaking in any direction can be
computed by combining these three
components. To understand earth
structure and earthquake processes
we need records of ground shaking
from a wide range of earthquake
magnitudes at a wide range of
distances.
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Typical strategy:
1) Find an average 1-D velocity-

depth function. This is a
nonlinear problem, but tractable
since we seek a single function of
depth.

2) If enough data are available we
can get a 3 -D model from travel-
time residuals relative to a 1-D
reference model (seismic
tomography).

Given travel-time observations, can
we find an earth velocity structure
that is consistent with the data?
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Elegant integral-transform methods (e.g., Herglotz-Wiechert) have been developed
to derive 1-D velocity models, but it can be difficult to apply formal inversions to
noisy and/or discontinuous travel-time data. A simple alternative is to fit the travel-
time data with a series of straight segments. Each segment corresponds to a
homogeneous layer in the model.
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Variable changes and other mathematical tricks can be used to
linearize the problem and simplify the inversion. However …

It’s not clear that it pays to push 1-D travel-time inversion
methods much further. For example, seismograms contain
more information than travel-times alone (amplitudes are very
sensitive to velocity gradients) and are now readily available
in digital form.

The current state of the art involves synthetic seismogram
modeling of the entire waveform, and seismic tomography, 3-
D inversions of large datasets of travel-time residuals
(differences between observed and predicted travel-times).
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Seismic TomographySeismic Tomography

Each observed travel-time residual corresponds to a ray path that connects the source and
reciever. This geometry must be determined for each observation, and then the travel-time
through each block computed for each ray (this is computationally intensive). Each travel-
time residual (one for each ray) can be expressed as a sum over all the blocks along the
ray of the product of block travel-time and block velocity perturbation. This can  be
expressed in vector and matrix form, and if the number of residual measurements exceeds
the number of blocks in the model standard techniques can be used to invert for the vector
of block velocity adjustments.
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Earthquake LocationEarthquake Location

 Earthquakes are defined by their origin time andEarthquakes are defined by their origin time and
hypocenter (location of first energy release). Invertinghypocenter (location of first energy release). Inverting
travel-time data for these parameters is one of thetravel-time data for these parameters is one of the
oldest challenges in seismology. Travel-time is aoldest challenges in seismology. Travel-time is a
nonlinear function of earthquake location.nonlinear function of earthquake location.

 Common approaches:Common approaches:
1) Iterative (1) Iterative (linearizedlinearized) inversion methods) inversion methods
2) Master event methods2) Master event methods
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To model amplitudes in ray theory we
must account for geometrical
spreading, reflection and transmission
at interfaces, and anelastic attenuation.

Energy in a plane wave is proportional
to the squares of both amplitude and
frequency.
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To account for geometrical
effects of propagation consider
a ray tube in which energy flux
is conserved. As the wavefront
spreads out from the source,
amplitude varies inversely as
the square root of the surface
area of the patch enclosed by
the ray tube. For a simple
spherical wave the surface area
grows as r2 (r is distance) and
amplitude scales as 1/r.
Amplitude can actually increase
if the wave is focused during
propagation.
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Ray paths of waves generated
(reflected and transmitted) by a P-
wave incident (upper left) on an
interface between two media with
different elastic properties.

“The Solid Earth” by C.M.R. Fowler, Cambridge University Press
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Amplitude and phase of
reflected and transmitted
waves from SH-wave incident
on interface as a function of
incidence angle.



Modeling Plane Waves in LayersModeling Plane Waves in Layers

Some problems in wave propagation are betterSome problems in wave propagation are better
addressed by considering plane waves instead of rays,addressed by considering plane waves instead of rays,
for example the amplification of ground motion duefor example the amplification of ground motion due
to resonance within a near-surface layer. Powerfulto resonance within a near-surface layer. Powerful
techniques have been developed for modeling plane-techniques have been developed for modeling plane-
wave propagation in earth models consisting ofwave propagation in earth models consisting of
horizontal layers. Solutions of the seismic wavehorizontal layers. Solutions of the seismic wave
equation follow from matching displacements andequation follow from matching displacements and
stresses across layer boundaries (Thomson-Haskellstresses across layer boundaries (Thomson-Haskell
and reflectivity methods).and reflectivity methods).
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AttenuationAttenuation

 In addition to geometrical spreading, seismic wavesIn addition to geometrical spreading, seismic waves
lose energy due to scattering and lose energy due to scattering and anelasticity anelasticity as theyas they
propagate.propagate.

 Anelasticity Anelasticity is sometimes called internal frictionis sometimes called internal friction
since seismic energy is converted to heat.since seismic energy is converted to heat.

 Energy-dissipation mechanisms include grain-Energy-dissipation mechanisms include grain-
boundary, grain-defect, and fluid interactions inducedboundary, grain-defect, and fluid interactions induced
by dynamic stresses as seismic waves pass by.by dynamic stresses as seismic waves pass by.

 These processes are difficult to quantify since theyThese processes are difficult to quantify since they
must be isolated from other complex source andmust be isolated from other complex source and
wave-propagation phenomena.wave-propagation phenomena.



 Attenuation is defined as the fractional energy lossAttenuation is defined as the fractional energy loss
per cycle of motion, and is quantified by theper cycle of motion, and is quantified by the
parameter 1/Q.parameter 1/Q.

 The amplitude of a seismic wave can be written as aThe amplitude of a seismic wave can be written as a
product of a real exponential term describing theproduct of a real exponential term describing the
amplitude decay from attenuation and an imaginaryamplitude decay from attenuation and an imaginary
exponential term describing the oscillations.exponential term describing the oscillations.
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Traditionally, reflection seismic
methods were developed to explore for
petroleum or mineral resources in the
shallow crust. Repeatable, artificial
seismic sources (explosions or
vibrations) and arrays of seismometers
are deployed at the earth’s surface, and
computer-intensive processing
methods are used to map boundaries at
depth. Extensive data redundancy is
used to suppress noise and enhance the
subsurface images.
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Rayleigh waves are radially polarized
waves that propagate at the free surface
of an elastic medium. Love waves are
transversely polarized waves that require
a vertical velocity gradient (or spherical
geometry). Surface waves are generally
the strongest arrivals at great distances
from earthquakes. Compared to P and S
body waves they travel more slowly,
decay much less with distance, and their
velocities depend strongly on frequency.
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Earth’s free oscillations can be
derived as a sum of surface
waves.
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To fully describe the earthquake ground shaking, we must also consider the seismic
source.
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Slip on a fault can be modeled as a
distribution of idealized simple forces
that produces exactly the same
displacement field as the slip.
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To conserve momentum, internal forces must be specified as balanced force couples.
If we can compute the ground motion from a single idealized force (the Green’s
function) the full seismic wave field can be computed as a linear superposition. The
strength of the force is given by the seismic moment, the product of the shear
modulus of the source medium, the slip displacement on the fault, and the fault area.
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Slip across the fault is generally not instantaneous, but occurs over a finite duration.
The time dependence of the source controls the amplitude and timing of seismic
waves.
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Offsets across the fault (“near-field”) are permanent, but at greater distances the
wavefield is dominated by dynamic (“far-field”) displacements that decay back to zero
after the seismic waves pass by. The far-field displacement scales like the time derivative
of the seismic moment (previous slide).



It is often more convenient to think about source processes in the frequency domain
rather than the time domain.
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The low-frequency level of the
displacement spectrum is
proportional to the seismic
moment - the strength or size of
the earthquake. The shape of the
spectrum at higher frequencies
tells us about the details of the
time dependence and complexity
of the slip.



Stress DropStress Drop

 Stress drop is defined as the average differenceStress drop is defined as the average difference
between stress on a fault before and after anbetween stress on a fault before and after an
earthquake. Released (earthquake. Released (““droppeddropped””) elastic stress is) elastic stress is
what generates permanent ground deformation andwhat generates permanent ground deformation and
seismic waves.seismic waves.

 We can estimate stress drop from field measurementsWe can estimate stress drop from field measurements
of average slip, fault dimension, and shear modulus.of average slip, fault dimension, and shear modulus.

 Alternatively, stress drop can be estimated fromAlternatively, stress drop can be estimated from
seismic data. Seismic moment and fault ruptureseismic data. Seismic moment and fault rupture
dimension can be estimated from the levels anddimension can be estimated from the levels and
shapes of source spectra, and stress drop computedshapes of source spectra, and stress drop computed
for a specific fault shape (e.g.,for a specific fault shape (e.g., Brune Brune’’s s model).model).
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Source Scaling and MagnitudeSource Scaling and Magnitude

Traditional magnitudes are measured at specific ground motion frequencies. These
idealized source spectra show how spectral level and corner frequency scale with
earthquake size. Ground motion measured near 1 Hz saturates (does not continue to
scale upward with seismic moment) for earthquakes larger than about magnitude 7.
This leads to inconsistencies between magnitude scales and misrepresentation of the
relative sizes of large earthquakes. Seismic moment and moment magnitude overcome
these limitations of traditional period-based magnitude measurements.
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